Abstract. We investigate cohomogeneity-one metrics whose principal orbit is an Aloff-Wallach space SU (3)/U (1). In particular, we are interested in metrics whose holonomy is contained in Spin(7). Complete metrics of this kind which are not product metrics have exactly one singular orbit. We prove classification results for metrics on tubular neighborhoods of various singular orbits. Since the equation for the holonomy reduction has only few explicit solutions, we make use of power series techniques. In order to prove the convergence and the smoothness near the singular orbit, we apply methods developed by Eschenburg and Wang. As a by-product of these methods, we find many new examples of Einstein metrics of cohomogeneity one.
Introduction
Metrics with holonomy Spin (7) are an active area of research in differential geometry and in superstring theory (see Acharya, Gukov [1] ). Most of the explicitly known examples (see Bazaikin [4] , [5] ; Bazaikin, Malkovich [6] ; Bryant, Salamon [9] ; Cvetič et al. [12] , [13] ; Gukov, Sparks [20] ; Kanno, Yasui [23] , [24] ) are of cohomogeneity one. The advantage of cohomogeneity one metrics is that the equation for the holonomy reduction is equivalent to a system of first-order ordinary differential equations. Among those metrics, the metrics with an Aloff-Wallach space as the principal orbit are an interesting subclass.
An Aloff-Wallach space is a coset space N k,l := SU (3)/U (1) k,l where U (1) k,l := {diag(e kit , e lit , e −i(k+l)t )|t ∈ R}. The spaces N 1,0 and N 1,1 have a different geometry as the other ones and are called exceptional Aloff-Wallach spaces. Any principal orbit of a manifold carrying a parallel cohomogeneityone Spin(7)-structure, is equipped with a cocalibrated homogeneous G 2 -structure. We therefore will describe how a connected component of the space of all cocalibrated SU (3)-invariant G 2 -structures on N k,l looks like. This problem can be solved by means of representation theory. After that we are able to deduce a system of ordinary differential equations which is 2000 Mathematics Subject Classification. Primary 53C25, Secondary 53C29, 53C44. This work was supported by the SFB 676 of the Deutsche Forschungsgemeinschaft. equivalent to the holonomy reduction. For reasons of simplicity, we carry out this program only for metrics which are diagonal with respect to a certain basis.
If a cohomogeneity-one metric with holonomy Spin(7) or a smaller group is complete and not a product, it has exactly one singular orbit. We therefore fix the initial values of our differential equations at the singular orbit. Unfortunately, these initial value problems have an explicit solution only in some special cases [4] , [6] , [13] , [20] . Furthermore, the equations for the holonomy reduction degenerate near the singular orbit. More precisely, some of the summands behave like 0 0 . We therefore cannot apply the theorem of Picard-Lindelöf. In the literature [13] , [23] , [24] there are indeed examples, where the solutions do not only depend on the metric on the singular orbit but also on an initial condition of second or third order which can be chosen freely.
In order to solve these problems, we make a power series ansatz for the metric. We have to check if the power series converges and how many free parameters of higher order there are. Another problem is that not any solution of the differential equations corresponds to a metric which can be smoothly extended to the singular orbit. There are certain smoothness conditions which have to be satisfied and are in some cases a serious obstacle. If for example the principal orbit is N 1,1 and the singular orbit is SU (3)/U (1) 2 , we have to replace the principal orbit by a quotient N 1,1 /Z 2 in order to satisfy the smoothness conditions.
The above problems were addressed by Eschenburg and Wang [15] in the context of cohomogeneity-one Einstein metrics. Although metrics with exceptional holonomy are Ricci-flat and thus Einstein metrics, we have to adapt the methods of [15] to our situation. After that we are finally able to prove the existence of metrics whose holonomy is a subgroup of Spin (7) on a tubular neighborhood of the singular orbit. At this point we are able to apply the main theorem of Eschenburg and Wang [15] and can also show the existence of Einstein metrics of cohomogeneity one. With the exception of an SU (3)-invariant Einstein metric on HP 2 which can be found in Püttmann, Rigas [27] , all of the Einstein metrics are to the best knowledge of the author new.
The main results of the article can be summarized as follows. We find a two-parameter family of smooth non-homothetic cohomogeneity-one metrics with holonomy a subgroup of Spin (7) . All of them have N 1,1 /Z 2 as principal orbit and SU (3)/U (1) 2 as singular orbit. Among them, there is a oneparameter family of metrics with holonomy SU (4) . At the border of the moduli space the metric converges to the Calabi metric (see [10] )on T * CP 2 , which has holonomy Sp(2). First evidence for the above metrics can be found in Kanno, Yasui [24] . The two-parameter family and the metrics with holonomy SU (4) were investigated independently of the author by Bazaikin and Malkovich [4] , [6] .
In [13] , [23] and [24] , metrics with holonomy Spin(7) are constructed by numerical methods. One family of metrics has principal orbit N 1,0 and singular orbit S 5 . Another family has an arbitrary N k,l with (k, l) = (1, −1) as principal orbit and CP 2 as singular orbit. These are the metrics from [13] and [23] which depend on a free parameter of third order and which we have already mentioned above. The space on which the metrics are defined is an R 4 /Z |k+l| -bundle over CP 2 and thus an orbifold. If the principal orbit is the exceptional Aloff-Wallach space N 1,1 , there are further metrics with singular orbit CP 2 which are not of the above kind. Examples of these metrics can be found in [24] . There exists a further two-parameter family of non-homothetic metrics with that orbit structure which was found by Bazaikin [5] . We also construct this metrics and show that the family can be parameterized by two free parameters of third order.
Moreover, we prove for all of our cases with the help of the methods of Eschenburg and Wang [15] that there are no other free parameters except the known ones, that the smoothness conditions are satisfied and that the power series solutions converge. We also prove that under certain conditions, for example that the metric is diagonal, there are no further cohomogeneity one metrics whose holonomy is contained in Spin (7) . Finally, we prove that the holonomy of the metrics whose principal orbit is not N 1,1 is all of Spin(7).
The article is organized as follows. In the second section, we collect some basic facts on G 2 -and Spin(7)-structures. In Section 3, cohomogeneity-one manifolds and the methods of Eschenburg and Wang [15] are introduced. The fourth section deals with the geometry of the Aloff-Wallach spaces. Our metrics with cohomogeneity one are constructed in the remaining three sections. In each section, we deal with metrics which have one particular singular orbit. The fifth section is about metrics with singular orbit SU (3)/U (1) 2 , the sixth about S 5 , and the final section is about metrics with CP 2 as singular orbit.
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G 2 -and Spin(7)-structures
In this section, we define some terms which we will often use later on. Let (dx 1 , . . . , dx 7 ) be the standard basis of one-forms on R 7 . Furthermore, let 
A G 2 -structure on a seven-dimensional manifold is a three-form which can be identified via local frames with ω. Analogously, a Spin(7)-structure on an eight-dimensional manifold is a four-form which can be identified at each point with Ω. To any G 2 -structure or Spin(7)-structure we can associate a canonical metric g and an orientation. We call a G 2 -structure or Spin(7)-structure ω or Ω parallel if ∇ g ω = 0 or ∇ g Ω = 0. A pair (N, ω) or (M, Ω) of a seven-dimensional or eight-dimensional manifold and a parallel G 2 -structure or Spin(7)-structure is called a G 2 -manifold or Spin(7)-manifold. Those manifolds have the following interesting properties.
Theorem 2.1. (See Bonan [7] ; Fernández, Gray [16] ; Fernández [17] ) (1) Let N be a seven-dimensional manifold with a G 2 -structure ω. Then, the following statements on ω are equivalent.
The holonomy of the associated metric g is contained in G 2 . Conversely, if (N, g) is a Riemannian manifold with holonomy a subgroup of G 2 , then there exists a parallel G 2 -structure on N such that its associated metric is g. If any of the above conditions is satisfied, g is Ricci-flat. (2) Let M be an eight-dimensional manifold with a Spin(7)-structure Ω.
Then, the following statements on Ω are equivalent.
The holonomy of the associated metric g is contained in Spin(7). Conversely, if (M, g) is a Riemannian manifold with holonomy a subgroup of Spin (7), then there exists a parallel Spin(7)-structure on N such that its associated metric is g. If any of the above conditions is satisfied, g is Ricci-flat.
Finally, we introduce the following types of non-parallel G 2 -structures which we will need later on.
Cohomogeneity-one manifolds
The set of all Spin(7)-structures on a manifold M does not define a vector subbundle of 4 T * M . Therefore, the condition dΩ = 0 should be considered as a non-linear partial differential equation. Explicit solutions of this equation are hard to find. Among them are the first examples of complete metrics with holonomy Spin(7) by Bryant and Salamon [9] . The existence of the non-explicit metrics of Bryant [8] and of Joyce [22] can only be proven by sophisticated analytic arguments. Our problem becomes a lot of simpler if we assume that Ω is of cohomogeneity one.
Definition and Lemma 3.1. (Cf. Mostert [26] and references therein)
(1) Let M be an n-dimensional connected manifold with a smooth action by a Lie group G. The action of G is called a cohomogeneity-one action if there exists an orbit with dimension n − 1. Since any Ricci-flat homogeneous metric is flat (see Alekseevskii, Kimelfeld [2] ), spaces of cohomogeneity one are the most symmetric manifolds which may admit metrics with exceptional holonomy. For the following considerations, we fix some notation.
Convention 3.2. Let G be a compact Lie group which acts with cohomogeneity one on a Spin(7)-manifold (M, Ω). The associated metric on M we denote by g. We identify any orbit of G with the quotient of G by the isotropy group. The principal orbit shall be G/H and G/K shall be a nonprincipal orbit. The union of all principal orbits will be denoted by M 0 . After conjugation, H has to be a subgroup of K. The Lie algebras of G, H, and K, we denote by g, h, and k. Let q be an auxiliary Ad K -invariant metric on g. We identify the tangent space of G/H with the q-orthogonal complement m of h in g. The tangent space of G/K can be identified with the complement p of k. We denote the normal space of the orbit G/K by p ⊥ . On any cohomogeneity-one manifold, there exists a geodesic which intersects all orbits perpendicularly. We fix such a geodesic γ and parameterize it by arclength. The parameter of γ we denote by t.
The following theorem of Mostert [26] gives us some information on the shape of M .
Theorem 3.3.
(1) If G acts isometrically on a Riemannian cohomogeneity-one manifold (M, g), M/G is homeomorphic to the circle S 1 , [0, 1], [0, ∞), or R. The inner points of M/G correspond to principal orbits and the endpoints of the intervals to non-principal orbits.
(2) Let G/H be a principal and G/K be a non-principal orbit. The quotient K/H is a sphere. (3) Any sufficiently small tubular parameterize of the non-principal orbit G/K is a disc bundle over G/K. The projection map maps a point gH of the principal orbit to gK.
Remark 3.4. Spin(7)-manifolds with certain kinds of singularities are in issue in M-theory (see Acharya, Gukov [1] ). Therefore, we also consider the cases where M is not a manifold but an orbifold. If K/H is a quotient of a sphere by a discrete group Γ, the tubular parameterize of G/K is an R dim K/H+1 /Γ-bundle over G/K and M thus is an orbifold. In this section, we state our theorems for manifolds only. Nevertheless, it is easily possible to adapt them to the orbifold-case.
Since the volume of the metric on K/H shrinks to zero as we approach the singular orbit, we will refer to K/H as the collapsing sphere or if dim K/H = 1, as the collapsing circle. We can restrict the topology of M even further. If M/G = R, (M, g) contains a complete geodesic which minimizes the length between any of its points. It follows from the Cheeger-Gromoll splitting theorem that M is a Riemannian product of R and a seven-dimensional manifold. Since then the holonomy would be a subgroup of G 2 , we will not consider this case. If M/G was S 1 , the universal cover M would satisfy M /G = R. Therefore, we exclude that case, too. If M had two non-principal orbits, it would be compact. Since it is Ricci-flat, all Killing vector fields are parallel and commute with each other. G/H thus is a flat torus. It is easy to see that M has to be flat, too.
There are two kinds of non-principal orbits. If K/H = S 0 = Z 2 , the orbit G/K is called an exceptional orbit. Otherwise, it is a singular orbit. If there is exactly one exceptional orbit, M would be twofold covered by a space M with M /G = R. Motivated by the above considerations, we assume from now on that there is exactly one singular orbit and all other orbits are principal.
On any principal orbit, there exists a canonical G 2 -structure ω which is related to Ω by Ω := * ω + dt ∧ ω. The equation dΩ = 0 can be written in terms of ω.
Theorem 3.5. Let G/H be a seven-dimensional homogeneous space and ω be a G-invariant cocalibrated G 2 -structure on G/H. Then there exists an ǫ > 0 and a one-parameter family (ω t ) t∈(−ǫ,ǫ) of G-invariant G 2 -structures on G/H such that the initial value problem
has a unique solution on G/H × (−ǫ, ǫ). In the above formula, ∂ ∂t denotes the Lie derivative in t-direction. The index G/H of d and * emphasizes that we consider the exterior derivative on G/H instead of G/H × (−ǫ, ǫ). If ǫ is sufficiently small, ω t is for all t ∈ (−ǫ, ǫ) a G 2 -structure and we have
Conversely, let Ω be a parallel Spin(7)-structure preserved by a cohomogeneityone action of a Lie group G. We identify the union of all principal orbits G-equivariantly with G/H × I, where the metric on I is dt 2 . In this situation, the G 2 -structures on the principal orbits are cocalibrated and satisfy equation (4) . Remark 3.6.
(1) The above theorem was proven by Hitchin [21] for the more general case, where ω is a (not necessarily homogeneous) cocalibrated G 2 -structure on a compact manifold. (2) If ω is nearly parallel, the maximal solution of (4) describes a cone over G/H. (3) Since (M, Ω) is of cohomogeneity one, the equation (4) is equivalent to a system of ordinary differential equations. In order to ensure that M has the desired topology, we fix the initial conditions at the singular orbit G/K.
Before we investigate the equation (4), we have to choose the principal orbit.
The following lemma answers the question if G/H admits a G-invariant G 2 -structure.
Lemma 3.7. (See [29] .) Let G/H be a homogeneous space such that G acts effectively on G/H. Furthermore, let p ∈ G/H be arbitrary. We identify H with its isotropy representation on T p G/H and G 2 with its sevendimensional irreducible representation. G/H admits a G-invariant G 2 -structure if and only if there exists a vector space isomorphism ϕ :
Our next step is to describe the space of all G-invariant G 2 -structures on G/H explicitly. This can be done in two steps. Any G-invariant metric on G/H can be identified via q with an H-equivariant endomorphism of m. These endomorphisms can be classified with the help of Schur's lemma.
Since any manifold which admits a G 2 -structure is orientable and an SO(7)-structure is the same as a metric and an orientation, we have classified all G-invariant SO(7)-structures on G/H. The classification of all G-invariant G 2 -structures whose extension to an SO(7)-structure is fixed, can be done with the help of the following lemma.
Lemma 3.8. (See [30] .) Let G/H be a seven-dimensional homogeneous space. We assume that G acts effectively and that G/H admits a G-invariant G 2 -structure. Let G be an arbitrary G-invariant SO(7)-structure on G/H. The space of all G-invariant G 2 -structures on G/H whose extension to an SO(7)-structure is G is diffeomorphic to
In the above formula, H is identified with its isotropy representation and G 2 and SO (7) with their seven
After having determined the space of all G-invariant G 2 -structures ω on G/H, we calculate d * ω and have a description of the space of all cocalibrated invariant G 2 -structures. In some cases, we will not be able to describe that space explicitly. In order to find examples of parallel cohomogeneityone Spin(7)-structures, it suffices to construct a space of cocalibrated G 2 -structures which is invariant under equation (4) .
Not any solution of (4) corresponds to a metric with holonomy Spin(7). The reason for this is that Ω has not automatically a smooth extension to the singular orbit. This is the case only if certain smoothness conditions are satisfied, which we will describe in detail.
We split the tangent space of M at a point p ∈ G/K into the K-modules p and p ⊥ . The orbits of the K-action on p ⊥ except {0} are spheres of type K/H. Let B be a vector bundle over the union of all principal orbits which admits a K-action on the fibers. For reasons of simplicity we assume that there exist non-negative numbers s 1 and s 2 such that the fibers of B are contained in
Since G/K is homogeneous, ρ is determined by its values at p.
Let γ be a geodesic which intersects all orbits perpendicularly. We assume that γ(0) ∈ G/K. Since the action of G on γ generates all of M , it suffices to consider ρ along γ only. The metric g is Ricci-flat. It is well-known (see DeTurck, Kazdan [14] ) that any Einstein metric is analytic. We therefore assume that ρ is a power series with respect to t. The m th derivative of ρ in the vertical direction can be considered as a map, which assigns to a tuple (v 1 , . . . , v m ) ∈ p ⊥ an element of the fiber B p . This map can be extended to a map S m (p ⊥ ) → B p , where S m (p ⊥ ) denotes the m th symmetric power of p ⊥ . Since ρ is analytic, the sequence of those maps determines ρ. If ρ has a smooth extension to the singular orbit, the above maps are K-equivariant. Conversely, we have Theorem 3.9. (See Eschenburg, Wang [15] .) Let (M, g) be Riemannian manifold with an isometric action of cohomogeneity one by a Lie group G. We assume that there is a singular orbit G/K. Let B ⊆ s 1 T M ⊗ s 2 T * M be a vector bundle over M whose fibers at the singular orbit are K-equivariantly isomorphic to a K-module B. Let r : (0, ε) → B, where ε > 0, be a real analytic map with Taylor expansion ∞ m=1 r m t m . We can identify r with a tensor field ρ along a geodesic γ which intersects all orbits perpendicularly. By the action of G, we can extend ρ to the union of all principal orbits. ρ is well-defined and has a smooth extension to the singular orbit if and only if
In the above formula, W m denotes the space of all K-equivariant maps
and ı m is the evaluation map
In the following, we restrict ourselves to metrics with no "mixed coefficients", i.e.
Instead of W m , it suffices to study the spaces
|P is linear and K-equivariant} and
|P is linear and K-equivariant} (11) in order to prove the smoothness. The reason for assumption (10) is that later on we need a result which is proven only if (10) is satisfied.
We often write our metric as g t + dt 2 where g t ∈ S 2 (m) is the restriction of g to a principal orbit. Since t can be considered as a distance function on p ⊥ and g t | p ⊥ ×p ⊥ describes the metric on the collapsing sphere, p ⊥ is equipped with "polar" rather than "Euclidean" coordinates. We therefore have to modify Theorem 3.9 in order to fit our needs. (1) By the choice of our coordinates we have fixed ∂ ∂t = 1 and g( ∂ ∂t , v) = 0 for all v ∈ m. The degrees of freedom for the higher derivatives of the vertical part of g will therefore seem to be fewer as Theorem 3.9 predicts. (2) Let v be a tangent vector of the collapsing sphere K/H. The metric on K/H has to approach the round metric of a sphere of radius t.
This condition fixes the value of
If K/H is a sphere, we can compute this value with the help of the fact that the length of any great circle on K/H has to be 2πt + O(t 2 ) for t → 0. If K/H is a quotient of a sphere by a discrete group, we can use the estimate We assume that (M 0 , Ω) is of holonomy Spin (7) and that the metric g has a smooth extension to the singular orbit. In this situation, the holonomy of (M, g) equals Spin(7), too. Therefore, there exists a unique smooth Spin(7)-structure Ω on M . Without loss of generality, we can assume that Ω and Ω coincide on M 0 . This observation proves that Ω is a smooth extension of Ω to the singular orbit and we do not have to prove the smoothness conditions for Ω.
If the holonomy Hol is a smaller group, for example Sp(2) or SU (4), we can prove by similar arguments that there exists a smooth Hol-structure on M . Since G acts by isometries, it leaves the holonomy bundle invariant and the Hol-structure thus is G-invariant.
Since dim G/K < dim G/H, the equation (4) sometimes degenerates at the singular orbit. More precisely, it is equivalent to a system which contains equations of type c ′ (t) = . . . + a(t) b(t) + . . . with lim t→0 a(t) = lim t→0 b(t) = 0. In that situation, we cannot apply the theorem of Picard-Lindelöf, since the right-hand side f (a, b, c, . . .) is not defined on an open set. There are indeed cases, where the solution of our initial value problem depends on initial conditions of higher order which can be chosen freely. In order to classify the solutions of (4), we make the power series ansatz
In the cases which we will consider, we fix for any choice of the metric g t on G/H a single cocalibrated G 2 -structure ω t whose associated metric is g t . The cocalibrated G 2 -structures with that property are in many cases a discrete set. The set of G 2 -structures which is obtained from a sufficiently large set of g t is preserved by (4) and our restriction to those G 2 -structures thus is justified. ω t will always depend analytically on g t and the cohomogeneityone metric g is Ricci-flat. Since any Einstein metric is analytic (see DeTurck, Kazdan [14] ), we are allowed to make the above power series ansatz. Equation (4) yields the following system of recursive equations for the g m
L m is a linear operator acting on the space of all Ad H -invariant symmetric bilinear forms on m and P m is a polynomial. For a fixed choice of the principal and the singular orbit, L m can be calculated for all m. We will see that in each of our cases there exists an m 0 ∈ N such that for all m ≥ m 0 L m is always invertible. It follows from Theorem 3.12, which we will state below, that there is a deeper reason behind this. By solving (13) for all m < m 0 , we can classify all formal power series which solve equation (4) . By certain arguments which we will make explicit when we need them we can check the smoothness conditions. All which is left to be done is to check if the power series converges. This follows by a theorem of Eschenburg and Wang [15] on cohomogeneity-one Einstein metrics. Before we state that theorem, we make the following assumption. (See Eschenburg, Wang [15] .) Let M be a manifold equipped with a cohomogeneity-one action by a compact Lie group G. We assume that the principal orbits of this action are G-equivariantly diffeomorphic to G/H and that there is a singular orbit G/K. Moreover, we assume that 3.11 is satisfied.
Let g 0 be an arbitrary G-invariant metric on the singular orbit. Furthermore,
Finally, let λ ∈ R be arbitrary. In this situation, there exists a G-invariant Einstein metric g on a sufficiently small tubular neighborhood of the singular orbit which has the following properties.
(1) g has λ as Einstein constant.
(2) The restriction of g to the singular orbit is g 0 . (3) The first derivation of g at the singular orbit in the normal directions is g ′ 0 . The set of all Einstein metrics with the above properties depends on additional initial conditions of higher order, which we can prescribe arbitrarily.
The freedom for the m th derivative of the metric in the horizontal or vertical direction can be described by
and there are no further free parameters in the vertical direction.
Remark 3.13.
(1) Up to constant multiples, there is exactly one Kinvariant scalar product h on p ⊥ . The reason for this is that the orbits of the K-action on p ⊥ are spheres. In particular, we have dim
where ∨ is the symmetrized tensor product. ı induces canonical embeddings of W h m−2 and W v m−2 into W h m and W v m , which we have implicitly used in the formulation of the above theorem. (3) Since we assume that 3.11 is satisfied, the metric is automatically contained in
In particular, there are only finitely many initial conditions which we can prescribe. (5) The cohomogeneity-one Einstein condition is system of second order differential equations. That system yields a recursive equation which is similar to (13) . The convergence of the power series solutions can be shown with the help of a Picard iteration. More precisely, any power series which satisfies the Einstein condition converges if p and p ⊥ have no H-submodule in common. In particular, any formal power series solution of (13) converges if we assume 3.11. In some of the cases which we will consider, this assumption is not satisfied. Nevertheless, the convergence can be proven in those cases, too. In the article, we restrict ourselves to metrics which are diagonal with respect to a fixed basis of m. The metric is therefore an element of
Moreover, the equations for the Einstein condition do not change a diagonal metric into a non-diagonal one. The space
thus is invariant under the Picard iteration. This allows us to repeat the arguments of [15] and to prove the convergence. (6) In order to deduce the smoothness conditions, we have to describe the spaces W h m and W v 2 . We can therefore easily apply Theorem 3.12 and obtain new examples of cohomogeneity-one Einstein metrics. (7) The above theorem predicts that certain second derivatives in the vertical direction can be chosen freely. For similar reasons as in Remark 3.10, these derivatives are third derivatives with respect to t. As we have already remarked in 3.10, we have g( After we have proven the convergence, we have constructed metrics whose holonomy group is a subgroup of Spin (7) on a tubular parameterize of the singular orbit. In order to decide if the holonomy is all of Spin (7), we need the following lemma.
Lemma 3.14. (See [30] .)
(1) Let M be an eight-dimensional manifold which carries a parallel SU (4)-structure G. We denote the space of all parallel Spin (7)structures on M which are an extension of G and have the same extension to an SO(8)-structure as G by S. Any connected component of S is diffeomorphic to a circle. (2) Let M be an eight-dimensional manifold which carries a one-parameter family S of parallel Spin (7)-structures. Moreover, let the extension of the Spin(7)-structures to an SO(8)-structure always be the same and let S be diffeomorphic to a circle. Then, there also exists a parallel SU (4)-structure on M .
With the help of the facts which we have collected in this section we are now able to construct examples of Spin (7)-manifolds.
The geometry of the Aloff-Wallach spaces
Before we construct cohomogeneity-one metrics with an Aloff-Wallach space as the principal orbit, we have to study those spaces in detail. The AloffWallach spaces are certain homogeneous spaces which were introduced by Aloff and Wallach [3] in order to study metrics with positive sectional curvature. Let
We denote the image of U (1) with respect to
Without loss of generality, we assume that k and l are coprime. Let σ be a permutation of the triple (k, l, −k − l). It is easy to see that the spaces N k,l and N σ(k),σ(l) are SU (3)-equivariantly diffeomorphic. Let 2u(1) be the Cartan subalgebra of all diagonal matrices in su(3) and let u(1) k,l be the Lie algebra of U (1) k,l . The Weyl group of su (3) is isomorphic to the permutation group S 3 and acts on 2u (1) . The action of a σ ∈ S 3 on 2u(1) changes
Therefore, the S 3 -action on (k, l, −k − l) can be identified with the action of the Weyl group. Since N k,l and N −k,−l are the same manifold, we introduce the following convention.
Convention 4.1. When we consider an Aloff-Wallach space N k,l , we assume that k ≥ l ≥ 0. Later on, we will turn to another convention which will be introduced at that point.
The Aloff-Wallach spaces N 1,0 or N 1,1 are called exceptional and the other ones are called generic. Since there are many differences between the exceptional and the generic Aloff-Wallach spaces, we often have to tread N 1,0 , N 1,1 , and the generic N k,l as separate cases. There are infinitely many homotopy types of Aloff-Wallach spaces. This follows from the fact that
Some of the N k,l are homeomorphic but not diffeomorphic to each other. Examples of this fact can be found in Kreck, Stolz [25] . On the Aloff-Wallach spaces N k,l there exist two nearly parallel G 2 -structures, which depend on k and l [13] . The holonomy of the cones over those G 2 -structures therefore is contained in Spin(7). We will see that the Aloff-Wallach spaces are not covered by a sphere. Therefore, the cones have a singularity at the tip, which is not an orbifold singularity.
Our next step is to describe all SU (3)-invariant metrics on the Aloff-Wallach spaces. In order to do this, we fix the following basis (e i ) 1≤i≤8 of su(3).
(17)
denotes the 3×3-matrix with a 1 in the i th row and j th column and zeroes elsewhere. The Lie algebra u(1) k,l is generated by e 8 . q(X, Y ) := −tr(XY ) defines a biinvariant metric on su(3) and (e 1 , . . . , e 7 ) is a basis of the qorthogonal complement m of u(1) k,l . The isotropy action of u(1) k,l splits m into the following irreducible submodules. (18) V 1 := span(e 1 , e 2 ) V 2 := span(e 3 , e 4 ) V 3 := span(e 5 , e 6 ) V 4 := span(e 7 )
The weights of the first three submodules are
If N k,l is generic, V 1 , V 2 , and V 3 are pairwise inequivalent. If (k, l) = (1, 0), V 1 and V 3 are equivalent and V 2 is not equivalent to the two other modules.
In the case where k = l = 1, V 1 is trivial and V 2 and V 3 are equivalent to each other. Any SU (3)-invariant metric g on N k,l can be identified via q with a u(1) k,l -equivariant endomorphism of m. We can therefore classify the invariant metrics with the help of Schur's lemma. If N k,l is generic, the matrix representation
The coefficients of the Spin(7)-structure which we will construct contain odd powers of a, b, c, and f . Therefore, we allow these numbers to be negative, too, although this does not change the metric. Next, we assume that k = 1 and l = 0. The matrix representation of g with respect to the basis (e 1 , e 2 , e 5 , e 6 , e 3 , e 4 , e 7 ) is
with a, b, c, f, β 1,5 , β 1,6 ∈ R, a 2 c 2 ≥ β 2 1,5 +β 2 1,6 , b = 0, and f = 0. If k = l = 1, the matrix representation of g with respect to (e 1 , e 2 , e 7 , e 3 , e 4 , e 5 , e 6 ) is
As in the other cases, the above matrix has to be positive definite. Throughout the article we assume that the metric on the principal orbit is diagonal with respect to (e 1 , . . . , e 7 ). This assumption simplifies our calculations and we nevertheless obtain interesting results. Moreover, some of the non-diagonal metrics can be changed by the action of the normalizer
In Eschenburg, Wang [15] , Grove, Ziller [19] , and Schwachhöfer, Tuschmann [31] it is explained how the Einstein condition Ric = λg for a cohomogeneityone manifold can be rewritten as a system of ordinary differential equations for the coefficient functions of g. The Ricci-tensor of a generic N k,l with an arbitrary SU (3)-invariant metric was calculated by Wang [32] . If we put the results of the above papers together, we see that the Einstein condition for a generic N k,l is equivalent to
If the principal orbit is N 1,0 and carries a diagonal metric, the Einstein condition is equivalent to (23) with k = 1 and l = 0. In particular, a diagonal metric cannot be changed by the equations (23) into a non-diagonal one for a different value of t. If k = l = 1, we do not necessarily have g(e 1 , e 1 ) = g(e 2 , e 2 ) and Ric = λg becomes
As in the previous case, the differential equations (24) preserve the space of all diagonal metrics on N k,l . According to Remark 3.13.5, any formal power series which solves one of the above systems and satisfies the smoothness conditions converges.
Our next step is to deduce a system of ordinary differential equations which is equivalent to dΩ = 0. Let M be a cohomogeneity-one manifold whose principal orbit is a generic Aloff-Wallach space. The following basis of the tangent space induces an SU (3)-invariant Spin(7)-structure on M whose associated metric restricted to a principal orbit is (20) . The matrix representation of the isotropy action of u(1) k,l with respect to the basis (25) can be identified with a one-dimensional subgroup of Spin(7).
The SU (3)-invariant four-form Ω which is determined by (25) thus is welldefined. Since (f i ) 1≤i≤7 is orthonormal with respect to (20) , (f i ) 1≤i≤7 defines a G 2 -structure on N k,l whose associated metric is an arbitrary SU (3)-invariant one. If we wrote down that G 2 -structure explicitly, we would see that it contains odd powers of a, b, c, and f , as we have remarked above. We calculate dΩ and see that dΩ = 0 is equivalent to
In the above system, ∆ denotes k 2 +lk +l 2 . Furthermore, we have replaced t by −t for cosmetic reasons. This convention will be maintained throughout the article. We remark that the system (26) has also been deduced by Kanno and Yasui [23] . If k = 1 and l = 0, we can define Ω by (25) , too, and dΩ = 0 again is equivalent to (26) . In that situation, we can choose the metric on the principal orbit as an arbitrary diagonal one. If k = l = 1, f 2 and f 3 have different coefficients, since we may have g(e 1 , e 1 ) = g(e 2 , e 2 ). In that case we choose the following basis (f i ) 0≤i≤7 which yields an SU (3)-invariant Spin(7)-structure whose associated metric is an arbitrary diagonal one.
(27) 
In the above equations, we again have replaced t by −t. The system (28) was also deduced by Kanno and Yasui [24] . We want to know if there are any SU (3)-invariant G 2 -structures on the Aloff-Wallach spaces except those which are determined by a basis of type (25) or (27) . Let g be an arbitrary homogeneous metric on N k,l . In Lemma 3.8, we have proven that the space of all SU (3)-invariant G 2 -structures on N k,l whose associated metric is g and whose orientation is fixed can be described by
In this situation, U (1) k,l is identified with its representation on m or Im(O) respectively. We first investigate the problem on the Lie algebra level. Let G ∈ {G 2 , SO(7)} and g be the Lie algebra of G. The tangent space of
The Lie algebra u(1) k,l is generated by a single z ∈ gl(7, R). Let κ be the Killing form of g. x is contained in Norm g u(1) k,l if and only if (31) [z, x] = λz for a λ ∈ R .
From this relation, it follows that
The above equation is satisfied only if λ = 0 and thus we have
We are going to determine the centralizer C g u(1) k,l . First, we work with the complexification of C g u(1) k,l , since this will simplify some of our arguments. Any x ∈ g ⊗ C has a Cartan decomposition
In the above formula, h is an element of a fixed Cartan subalgebra h of g⊗C. Furthermore, Φ is the root system of g ⊗ C and x α is a suitable generator of the root space L α of α. We assume without loss of generality that z ∈ h. With this notation, the centralizer can be described as follows.
Let Φ ′ := {α ∈ Φ|α(z) = 0}. The above formula can be simplified to
We specialize to the case g = so(7, C). Let (θ 1 , θ 2 , θ 3 ) be a basis of the dual h * of h such that
For reasons of simplicity we identify h and h * by the Killing form. The action of z on m is described by the weights (19) . For a suitable choice of z and (θ 1 , θ 2 , θ 3 ) we thus have
θ i (z) vanishes if and only if the i th of the three coefficients k − l, 2k + l, k + 2l equals zero. Analogously, the root ±θ i ± θ j is contained in Φ ′ if and only if the i th and the j th coefficient coincide up to the sign. We are now able to describe the normalizer in each of the three cases.
• Let N k,l be a generic Aloff-Wallach space. Since the set Φ ′ is empty, Norm so(7,C) (u(1) k,l ⊗ C) = h. The normalizer Norm so (7) u(1) k,l therefore has to be isomorphic to 3u(1). More precisely, it has the following matrix representation with respect to the basis (e ′ i ) 1≤i≤7 := (
• If k = 1 and l = 0, the set Φ ′ consists of the two roots ±(θ 1 − θ 3 ) and thus is a root system of type A 1 . Since Norm so (7) u(1) 1,0 is the compact real form of Norm so(7,C) (u(1) 1,0 ⊗ C), it is isomorphic to su(2)⊕2u(1). The semisimple part of the normalizer acts irreducibly on V 1 ⊕ V 3 such that (e ′ 1 , e ′ 2 , e ′ 5 , e ′ 6 ) is identified with the standard basis of C 2 .
• If k = l = 1, Φ ′ consists of the two pairs ±θ 1 and ±(θ 2 − θ 3 ). Since A 1 × A 1 is the Dynkin diagram of sl(2, C) ⊕ sl(2, C), the real Lie algebra Norm so (7) u(1) 1,1 has to be isomorphic to 2su(2) ⊕ u(1). One of the two simple summands acts by its three-dimensional representation on span(e ′
By intersecting Norm so (7) u(1) k,l with g 2 we are able to determine Norm g 2 u(1) k,l . Again, we consider the three cases separately.
• Let N k,l be a generic Aloff-Wallach space. Norm g 2 u(1) k,l is isomorphic to the two-dimensional subalgebra of (40) which is a Cartan subalgebra of g 2 .
• Let k = 1 and l = 0. By an explicit calculation, we see that the Lie algebra action of the semisimple part of Norm so (7) u(1) 1,0 on ω ∈ 3 Im(O) * is trivial. The semisimple part therefore is a subalgebra of g 2 . Since g 2 is of rank two, Norm g 2 u(1) 1,0 is isomorphic to su(2) ⊕ u(1).
• Finally, let k = l = 1. Since Norm g 2 u(1) 1,1 contains the Cartan subalgebra of g 2 , it is of rank two. There are four subalgebras of 2su(2) ⊕ u(1) which have rank two. One of them is 2su (2) . The other three are isomorphic to su(2) ⊕ u(1) where the semisimple part is either an ideal of 2su (2) or diagonally embedded. By similar techniques as in the previous case, we see that the semisimple part is diagonally embedded. More precisely, it acts irreducibly on span(e ′ 1 , e ′ 2 , e ′ 7 ) and span(e ′ 3 , e ′ 4 , e ′ 5 , e ′ 6 ).
We are now able to describe both normalizers of the Lie group U (1) k,l . For the following considerations, we denote the identity component of a Lie group G by G e . (Norm SO(7) U (1) k,l ) e acts transitively and almost freely on any connected component of Norm SO(7) U (1) k,l /Norm G 2 U (1) k,l . For our purpose, it therefore suffices to describe the quotient (Norm SO(7) U (1) k,l ) e / (Norm G 2 U (1) k,l ) e , which covers any connected component of
• If N k,l is generic, we have
Let T be a one-dimensional connected Lie subgroup of the maximal torus of SO (7) whose Lie algebra is (40). We choose T in such a way that G 2 ∩ T is discrete. The action of T on a fixed homogeneous G 2 -structure ω generates a connected component of the space of all SU (3)-invariant G 2 -structures which have the same associated metric and orientation as ω.
• If k = 1 and l = 0, we have
The space of all SU (3)-invariant G 2 -structures with a fixed associated metric and orientation can therefore be described as in the previous case.
• The semisimple part of Norm g 2 u(1) 1,1 is diagonally embedded into the semisimple part 2su(2) of Norm so (7) u (1) 1,1 . We denote the ideal of 2su (2) which acts non-trivially on span(e ′ 1 , e ′ 2 , e ′ 7 ) by su(2) ′ . The abelian part of Norm g 2 u(1) 1,1 is not a subgroup of su(2) ′ . We can conclude that the Lie group which corresponds to su(2) ′ is isomorphic to SO(3) and acts transitively and freely on (Norm SO (7) 
The set of all SU (3)-invariant G 2 -structures on N 1,1 whose associated metric and orientation is fixed can therefore be generated by an SO(3)-action on a single G 2 -structure.
Until now, we have only determined the type of the connected components of Norm SO(7) U (1) k,l /Norm G 2 U (1) k,l , but not their number. We therefore cannot rule out that there are further homogeneous G 2 -structures which cannot be obtained by the above U (1)-or SO(3)-actions. It may be possible that the additional G 2 -structures could be extended to new examples of parallel cohomogeneity-one Spin(7)-structures. We will nevertheless not discuss this issue further. There are three reasons for our decision. First, the study of the Spin(7)-structures whose restriction to a principal orbit is one of the G 2 -structures which we have constructed so far is already a rewarding project even if further examples existed. Second, it may be possible that we switch to another connected component of Norm SO(7) U (1) k,l /Norm G 2 U (1) k,l if we change the sign of some of the functions a, a 1 , a 2 , b, c, and f . Therefore, we may already describe more than one or even all connected components by our ansatz for (f i ) 1≤i≤7 . A third reason is that the results which we have found are sufficient to make statements on the holonomy of our metrics.
We start with the generic Aloff-Wallach spaces N k,l . Let g be a fixed metric on N k,l and ω be a G 2 -structure whose associated metric is g. By an explicit calculation we see that ω is cocalibrated only if it is induced by the basis (f i ) 1≤i≤7 of m which we have defined on page 17. Let g be a cohomogeneityone metric whose holonomy is contained in Spin(7). We assume that there is a principal orbit such that the restriction of g to that orbit is g. Since the holonomy bundle is SU (3)-invariant, any parallel Spin(7)-structure Ω whose associated metric is g is SU (3)-invariant, too. Any parallel Spin(7)-structure induces a cocalibrated G 2 -structure on the principal orbit. Since the set of all SU (3)-invariant cocalibrated G 2 -structures is discrete, the set of all invariant parallel Spin(7)-structures is discrete, too. According to Lemma 3.14, the holonomy of g cannot be SU (4) or one of its subgroups.
If the holonomy was G 2 , there would exist a parallel vector field X on the manifold. Moreover, the space of all parallel vector fields would be onedimensional. Since that space is SU (3)-invariant, X is invariant, too, and of type c 1 (
The dual c 1 (t) · dt + c 2 (t) · f (t) · e 7 of X has to be a closed one-form. By calculating the exterior derivative, we see that c 2 has to vanish for all t. Since the length of X has to be constant, c 1 has to be constant, too. If 
In that situation, the manifold would be the product of N k,l with a parallel SU (3)-invariant G 2 -structure and an interval. This is impossible since N k,l is not a torus and we thus have proven that the holonomy is exactly Spin (7) .
If the principal orbit is N 1,0 , it follows by the same arguments that the holonomy is all of Spin(7). In the case where k = l = 1, the situation is more complicated, since the space of all G 2 -structures with a fixed associated metric is three-dimensional. Let ω be the G 2 -structure on N 1,1 which is induced by the basis (f i ) 1≤i≤7 from page 18. If the holonomy is contained in SU (4), there exists a map
, and the metric which is associated to ω(s) is the same as of ω. We have proven that ω(s) can be obtained by the action of an A(s) ∈ SO(3) on (e ′ 1 , e ′ 2 , e ′ 7 ). We consider the case where A(s) is of type With the help of a short MAPLE program, we can show that if s / ∈ πZ, d * ω(s) = 0 is equivalent to a 1 (t) + a 2 (t) = 0. Under this assumption, it follows from (28) that a 1 (t) 2 = b(t) 2 + c(t) 2 . Under these assumptions (28) is explicitly solvable and we obtain the metrics of Bazaikin and Malkovich [6] . In [6] it is proven that the holonomy is all of SU (4), except in a limiting case where we obtain Calabis [10] hyperkähler metric on T * CP 2 .
If we replace the A from (44) by another one-parameter subgroup of SO (3), we obtain more complicated conditions on the Spin(7)-structures, which may or may not be satisfiable. The question if there are further metrics whose holonomy is a proper subgroup of Spin (7) is a subject of future research.
At the end of this section, we classify all possible singular orbits of a cohomogeneity-one manifold whose principal orbit is an Aloff-Wallach space. This classification can also be found in Gambioli [18] . Our results are summarized by the following lemma.
Lemma 4.2. Let U (1) be embedded into SU (3) as U (1) k,l . Furthermore, let K be a connected, closed group with U (1) k,l K ⊆ SU (3). The Lie algebra of K we denote by k. In this situation, k and K can be found in the table below. Moreover, K/U (1) k,l and SU (3)/K satisfy the following topological conditions.
In the above table, Γ denotes an arbitrary discrete subgroup of O(8) and the group Z |k+l| , by which we divide S 3 , is explicitly described by (46).
Proof. The fact that k has to be an u(1) k,l -module, reduces the number of subspaces of su(3) which we have to consider. We have to check for all u(1) k,lmodules k with u(1) k,l k ⊆ su(3) if they are closed under the Lie bracket and if K/U (1) k,l is covered by a sphere. If N k,l is an exceptional AloffWallach space, m contains pairs (U, U ′ ) of equivalent submodules. In that situation, there are infinitely many submodules of k which are transversely embedded into U ⊕ U ′ . Therefore, we often have to distinguish between the different types of Aloff-Wallach spaces in the course of this proof. We consider each of the possible values of dim k separately.
is the only one-dimensional submodule of m and the statements of the lemma are satisfied. If k = l = 1, V 1 is trivial. We can choose the generator of W as an arbitrary x ∈ (V 1 ⊕ V 4 ) \ {0} and obtain the same statements on the singular orbit.
If N k,l is generic, the only two-dimensional submodules of m are V 1 , V 2 , and V 3 . In any case k is not closed under the Lie bracket.
Next, we assume that k = 1 and l = 0. u(1) 1,0 ⊕ V 2 is a Lie algebra, which is isomorphic to su(2) and we have K = SU (2) and K/U (1) 1,0 ∼ = S 2 . Since the modules V 1 and V 3 are u(1) 1,0 -equivariantly isomorphic, there may exist a two-dimensional space W which is transversely embedded into V 1 ⊕ V 3 such that k is closed under the Lie bracket. It turns out that the possible k are precisely
and its conjugates with respect to U (1) 1,1 . Since k is conjugate to the standard embedding of so(3) into su(3), we have K ∼ = SO(3), K/U (1) 1,−1 ∼ = S 2 and the singular orbit is the symmetric space SU (3)/SO(3).
If k = l = 1, k again cannot be a Lie algebra.
Let N k,l be a generic Aloff-Wallach space. In this situation, we have W = V i ⊕ V 4 for an i ∈ {1, 2, 3}. As a Lie algebra k is isomorphic to u(2). We assume without loss of generality that i = 1. The Lie group K is given by S(U (2) × U (1)).
We analyze the topology of K/U (1) k,l . Let π : SU (2) → K/U (1) k,l be the map with π(h) := hU (1) k,l , where SU (2) is embedded into SU (3) such that its Lie algebra is u(1) 1,−1 ⊕ V 1 . It is easy to see that π is a covering map. Its kernel is SU (2) ∩ U (1) k,l . Since k and l are coprime, this intersection is, except for (k, l) = (1, −1), The quotient K/U (1) k,l thus is the lens space L(k + l, 1). For reasons of brevity, we will denote K/U (1) k,l by S 3 /Z |k+l| , since Z |k+l| will always be the above discrete group. The quotient SU (3)/K is diffeomorphic to CP 2 .
Next, we consider the exceptional case k = 1, l = 0. If we choose W as
In order to finish the first exceptional case, we have to check if we can choose
Since the Cartan subalgebra span(e 7 , e 8 ), which we shortly denote by 2u(1), is contained in k, W ′ has to be a 2u(1)-module. The qorthogonal complement of 2u(1) in su(3) decomposes with respect to 2u(1) into V 1 ⊕V 2 ⊕V 3 and the three modules are pairwise inequivalent. Therefore, the case W ′ / ∈ {V 1 , V 3 } cannot happen.
We finally consider the case k = l = 1. k has to be isomorphic to the Lie algebra su(2) ⊕ u(1). As above, we decompose k into the direct sum h⊕W ′ of u(1) 1,1 -modules, where h is a Cartan subalgebra of k which contains u(1) 1,1 and W ′ is its q-orthogonal complement. Since span(e 1 , e 2 , e 7 ) is the centralizer of u(1) 1,1 , h can be any of the following spaces.
(47) h = u(1) 1,1 ⊕ span(x) with x ∈ span(e 1 , e 2 , e 7 ) \ {0}
W ′ is either a submodule of span(e 1 , e 2 , e 7 ) or of V 2 ⊕ V 3 . In the first case, it has to be the complement of span(x) in span(e 1 , e 2 , e 7 ) and k therefore is 2u(1) ⊕ V 1 , which yields K/U (1) 1,1 = S 3 /Z 2 and SU (3)/K = CP 2 .
We turn to the case where
We conjugate our decomposition of k by A and obtain
Since AW ′ A −1 is a 2u(1)-module, we can prove by the same arguments as in the case (k, l) = (1, 0) that AW ′ A −1 is either V 2 or V 3 . In both cases we obtain K/U (1) 1,1 = S 3 and SU (3)/K = CP 2 .
Since for any root α of k, −α is a root, too, we have dim k ≡ rank k (mod 2). Therefore, the rank of k has to be odd. Since rank su(3) = 2, the only possibility for rank k is in fact 1. Since the only Lie algebras of rank 1 which belong to a compact Lie group are u(1) and su(2), we can exclude these cases.
The only six-dimensional Lie algebra of rank ≤ 2 which belongs to a compact Lie group is su(2) ⊕ su(2). There is no Lie subalgebra of su (3) of this type and we therefore can exclude this case.
Convention 4.3. We want to treat the three Lie algebras 2u(1) ⊕ V i with i ∈ {1, 2, 3} in a uniform manner. Therefore, we will drop the convention k ≥ l ≥ 0 whenever we consider the case k ∼ = u(2). This will allow us to fix k as 2u (1) ⊕ V 1 . Since we can replace (k, l) by (−k, −l), we can still assume that k ≥ l. We have implicitly used this convention in the statement of the lemma when we described the topology of K/U (1) k,l as S 3 /Z |k+l| instead of S 3 /Z |k| or S 3 /Z |l| , which would be the case if i ∈ {2, 3}.
The results of this section can be summarized as follows.
Theorem 4.4. Let (M, Ω) be a Spin (7)-orbifold with a cohomogeneity-one action of SU (3) which preserves Ω and whose principal orbit is an AloffWallach space. The metric associated to Ω we denote by g. In this situation, the following statements are true.
(1) (a) If N k,l is generic, the matrix representation of g with respect to the basis (e 1 , . . . , e 7 ) from page 14 is of type (20) . (b) If k = 1 and l = 0, the matrix representation of g with respect to the basis (e 1 , e 2 , e 5 , e 6 , e 3 , e 4 , e 7 ) is of type (21). (c) If k = 1 and l = 1, the matrix representation of g with respect to the basis (e 1 , e 2 , e 7 , e 3 , e 4 , e 5 , e 6 ) is of type (22). (2) We assume that N k,l is generic or N 1,0 and that g is diagonal with respect to the basis from page 14. Let S ′ be a connected component of the space S of all SU (3)-invariant Spin (7)-structures on M with the same associated metric as Ω. We assume that S ′ contains a fourform Ω which is obtained from a basis of type (25) . In this situation, Ω can be parallel only if it coincides with Ω. In other words, (25) is up to other connected components of S the only possible basis for a diagonal metric with holonomy contained in Spin (7).
and Ω is determined by a basis of type (25) , Ω is parallel if and only if the system (26) is satisfied. In that case, the holonomy of g is all of Spin (7).
and Ω is determined by a basis of type (27) , Ω is parallel if and only if the system (28) is satisfied. In this case, the holonomy of g is a subgroup of Spin (7). If we also have a 1 (t) + a 2 (t) = 0 for all t, the holonomy of g is SU (4) except in the case where we obtain the Calabi metric which has holonomy Sp(2).
If M has a singular orbit, which has to be the case if (M, Ω) is parallel and complete, it can be found in the table of Lemma 4.2. For any choice of the principal and the singular orbit, the orbifold M is a manifold, except in the case where the singular orbit is CP 2 and |k + l| = 1. In that case, M is a D 4 /Z |k+l| -bundle over CP 2 .
In the following three sections, we search for cohomogeneity-one metrics with special holonomy on the spaces of the above theorem. We have to treat each possible combination of a principal and a singular orbit as a separate case, since the equations for the holonomy reduction or their initial conditions will change.
5. SU (3)/U (1) 2 as singular orbit 5.1. The generic Aloff-Wallach spaces as principal orbit. Throughout this and the following sections we will assume that the singular orbit is at t = 0. In the situation of this subsection, the Lie algebra of the isotropy group at the singular orbit is given by u(1) k,l ⊕ V 4 . We therefore have f (0) = 0 and a(0), b(0), c(0) = 0 as initial conditions. We take a look at the equation
from the system (26) . We see that f ′ (0) = 0 and by a complete induction we can prove that all higher derivatives of f at t = 0 vanish, too. Since the metric has to be analytic, it follows that f vanishes identically. If we insert f ≡ 0 into (26), we obtain the equations for a cohomogeneity-one metric with principal orbit SU (3)/U (1) 2 and holonomy G 2 . Since those equations were investigated by Cleyton and Swann [11] , we will not discuss this issue further.
Our next aim is to classify all cohomogeneity-one Einstein metrics with our fixed orbit structure. In order to apply Theorem 3.12, we have to decompose certain 2u(1)-modules. The fact that we need these decompositions in the later sections anyway is a further motivation for our task. As in Section 3, we denote the tangent space of the singular orbit by p and its normal space by p ⊥ . We need to describe the spaces W h m and W v 2 of all 2u(1)-equivariant maps from S m (p ⊥ ) and S 2 (p ⊥ ) into S 2 (p) and S 2 (p) ⊥ . Therefore, we decompose S 2 (p) into irreducible 2u(1)-submodules. p is the direct sum of the modules V 1 , V 2 , and V 3 , whose weights are given by (51)
In the above formula Î r,s denotes the two-dimensional real 2u(1)-module on which e 7 acts with weight r and e 8 acts with weight s. With the help of the relations (52)
we see that
Next, we have to describe the action of 2u (1) on p ⊥ . The tangent vector ∂ ∂t ∈ p ⊥ is fixed by the action of U (1) k,l . e 8 therefore acts trivially on p ⊥ . e 7 ∈ 2u(1) generates the group U (1) 2l+k,−2k−l ⊆ SU (3), which we will shortly denote by U (1) ′ . The circle U (1) 2 /U (1) k,l , where U (1) 2 as usual denotes the subgroup of all diagonal matrices in SU (3), can be considered as a subset of p ⊥ . Moreover, the orbit of the U (1) ′ -action on a point p ∈ p ⊥ \{0} can be identified with a loop in the space U (1) 2 /U (1) k,l . The weight of the U (1) ′ -action on p ⊥ coincides with the homotopy class of that loop, which is an integer. That number is the same as the number of all t ∈ [0, 2π) such that exp (t · e 7 ) ∈ U (1) k,l . After a short calculation we can conclude that
We are now able to decompose S m (p ⊥ ) into irreducible 2u(1)-submodules and obtain (55) Since p ⊥ is trivial with respect to U (1) k,l and N k,l is not exceptional, p and p ⊥ have no non-trivial U (1) k,l -submodule in common and Assumption 3.11 is satisfied. We can therefore apply Theorem 3.12 and Remark 3.13 to our situation and thus have proven the following theorem.
Theorem 5.1. In the situation of Theorem 4.4, let N k,l be generic and let SU (3)/U (1) 2 be a singular orbit at t = 0.
(1) There exists no SU (3)-invariant metric on M which has holonomy Spin(7). (2) For any choice of a 0 , b 0 , c 0 ∈ R \ {0} and f 3 , λ ∈ R, there exists a unique SU (3)-invariant Einstein metric on a tubular parameterize of
, and (c) the Einstein constant is λ.
5.2. N 1,0 as principal orbit. In this situation, the only trivial U (1) 1,0 -submodule of m again is V 4 and we have f (0) = 0 as initial condition. Since we restrict ourselves to diagonal metrics, we can work as before with the system (26) . Therefore, we can prove by the same arguments as in the previous case that f vanishes and the metric is degenerate.
We apply the methods of [15] in order to describe the cohomogeneity-one Einstein metrics with the orbit structure of this subsection. Since none of the U (1) 1,0 -modules V 1 , V 2 , and V 3 is trivial, Assumption 3.11 is satisfied and we are in the situation of Theorem 3.12. If k = 1 and l = 0, the decompositions of S 2 (p) and S m (p ⊥ ) which we have found specialize to (57)
if m is odd S 2 (p) contains a summand which is isomorphic to Î 6,0 . Therefore, we have dim W h m = 2 if m is odd and ≥ 3. We calculate dim W h m for all m ∈ N 0 and obtain
There are two initial conditions of 3 rd order which we can choose freely.
Since the summand Î 6,0 is contained in V 1 ⊗ V 3 , the two parameters of 3 rd order describe how the metric on the singular orbit, which is diagonal, changes into a non-diagonal one. Analogously to the previous subsection we have proven the following theorem.
Theorem 5.2. In the situation of Theorem 4.4, let N 1,0 be the principal orbit and let SU (3)/U (1) 2 be a singular orbit at t = 0.
(1) There exists no SU (3)-invariant metric on M which is diagonal with respect to the basis from page 14 and has holonomy Spin(7). (2) For any choice of a 0 , b 0 , c 0 ∈ R \ {0} and β, β, f 3 , λ ∈ R, there exists a unique SU (3)-invariant Einstein metric on a tubular neighborhood of
, and (d) the Einstein constant is λ. N 1,1 as principal orbit. We make the same assumptions as in Theorem 4.4 and thus can work with the system (28). The isotropy algebra k of the SU (3)-action on the singular orbit is spanned by e 8 and an arbitrary x ∈ V 1 ⊕ V 4 \ {0}. We assume that x = e 7 or equivalently that f (0) = 0. Since the length of the collapsing circle shall be 2πt + O(t 2 ) for small t, we need f ′ (0) = 0. The differential equation for f ′ contains the additional term −3
5.3.
, which is not there if the principal orbit is generic. We therefore have f ′ (0) = 0 if and only if a 1 (0) = a 0 = −a 2 (0) for an a 0 ∈ R \ {0}. The values b 0 of b(0) and c 0 of c(0) can be chosen arbitrarily. We thus have formulated an initial value problem for the first order system (28).
We take a short look at the case where x = αe 1 + βe 2 + γe 7 for some coefficients α, β, γ ∈ R. Since we want lim t→0 g t (x, x) = 0, it follows that x ∈ {e 1 , e 2 , e 7 }. There exists a τ ∈ Norm SU (3) U (1) 1,1 which maps e 1 or e 2 to e 7 . Metrics which are described by solutions of (28) with a 1 (0) = 0 or a 2 (0) = 0 can be therefore be mapped by τ to metrics with f (0) = 0. Diagonal metrics with a 1 (0) = 0 or a 2 (0) = 0 can be mapped to non-diagonal metrics, which we will not consider in the article. Nevertheless, the above observation is a motivation to restrict ourselves to the case f (0) = 0.
We make a power series ansatz for (28) 
The next issue which we will discuss is how the smoothness conditions from Theorem 3.9 translate into conditions on the coefficients of the above power series. The modules p = Î 6,0 ⊕ Î 3,3 ⊕ Î −3,3 and p ⊥ = Î 6,0 have one submodule in common and Assumption 3.11 is thus not satisfied. Since we assume that the metric is diagonal, it is nevertheless an element of S 2 (p) ⊕ S 2 (p ⊥ ). We can therefore still check the smoothness conditions by describing
The dimensions of W h m and W v m can be calculated with the help of Schur's lemma. The three dimensions of W h 0 correspond to the coefficients of e 1 ⊗e 1 +e 2 ⊗e 2 , e 3 ⊗ e 3 + e 4 ⊗ e 4 , and e 5 ⊗ e 5 + e 6 ⊗ e 6 . The two additional dimensions of W h m where m is even and ≥ 2 are caused by the submodule Î 12,0 of S 2 (V 1 ). They therefore describe the coefficients of e 1 ⊗ e 1 − e 2 ⊗ e 2 and e 1 ⊗ e 2 + e 2 ⊗ e 1 . Since we consider only diagonal metrics, we can ignore the freedom which we have for the second coefficient. The two dimensions of W h m where m is odd describe K-equivariant maps S m (p ⊥ ) → S 2 (p) which are non-zero only on V 2 ⊗ V 3 and can be ignored for the same reasons as above.
The two additional dimensions of W v m where m is even and ≥ 2 describe the freedom of g( ∂ ∂t , ∂ ∂t ) and g( ∂ ∂t , e 7 ) and can be ignored, too (see Remark 3.10). As we have remarked at the same place, the value of |f ′ (0)| has to be chosen in such a way that the length of the collapsing circle is 2πt + O(t 2 ) for small t. Since exp (e 7 t) intersects U (1) 1,1 at t = π 3 for the first time, the length of the collapsing circle is
We therefore obtain |f ′ (0)| = 6 as a smoothness condition. By translating our statements on W h m and W v m into conditions on power series expansion of the metric we finally see that an analytic diagonal metric of type (22) is smooth if and only if
, b 2 , and c 2 are even functions, • f (0) = 0, |f ′ (0)| = 6, and
• f is odd.
The power series (60) does not satisfy these conditions. Nevertheless, there is a method to obtain smooth cohomogeneity-one metrics whose holonomy is contained in Spin (7) from (60). Let
h acts by h.gU (1) 1,1 := hgh −1 U (1) 1,1 on N 1,1 and stabilizes the G 2 -structures which are determined by a basis of type (27) . Since h 2 ∈ U (1) 1,1 , N 1,1 is a double cover of the quotient of SU (3) by the group which is generated by U (1) 1,1 and h. We denote this quotient simply by N 1,1 /Z 2 . On SU (3)/U (1) 2 , h acts trivially. We divide the cohomogeneity-one manifold with principal orbit N 1,1 and singular orbit SU (3)/U (1) 2 by the group which is generated by the simultaneous action of h on all orbits. Any (smooth or non-smooth) Spin (7)-structure on the old manifold which is induced by (27) is mapped by the quotient map to a new one.
It is easy to see that any circle which was wrapped r times around the origin of the old normal space is wrapped 2r times around the origin of the new normal space. We reconsider the arguments which we have made and see that in this new situation we have to require |f ′ (0)| = 12 instead of |f ′ (0)| = 6 in order to make the metric smooth at the singular orbit. Since U (1) 2 now acts on p ⊥ as Î 12,0 rather than Î 6,0 , we have
Since the values of dim W h m have changed, the smoothness conditions on the functions a 1 , a 2 , b, and c have changed, too. The meaning of the three dimensions in the even case is the same as before and the two dimensions in the odd case now correspond to the components of the metric in S 2 (V 1 ). The dimensions of W v m stay the same and we have found the following new smoothness conditions.
• a 2 1 (t) = a 2 2 (−t), • b 2 and c 2 are even, • f (0) = 0, |f ′ (0)| = 12, and • f is odd.
In particular, these conditions are satisfied if a 1 (t) = −a 2 (−t), b(t) = b(−t) and c(t) = c(−t). The first coefficients of (60) obviously satisfy this new set of conditions.
By an explicit calculation we can prove that any power series solution of (28) with the same initial conditions as in this subsection is uniquely determined by a 0 , b 0 , and c 0 . The system (28) is preserved if we replace (a 1 (t), a 2 (t), b(t), c(t), f (t)) by (−a 2 (−t), −a 1 (−t), b(−t), c(−t), −f (−t)). Therefore, both sets of functions are the unique solutions of the same initial value problem and the power series thus satisfies the smoothness conditions. h acts trivially on p ⊥ and non-trivially on V 1 , V 2 , and V 3 . For this reason, Assumption 3.11 is satisfied and we can show with the help of Theorem 3.12 that the series converges near the singular orbit. Moreover, we can use the dimensions of W h m and W v m to calculate the number of cohomogeneity-one Einstein metrics near the singular orbit.
We take another look at the power series (60). The condition a 1 (t) + a 2 (t) = 0 can only be satisfied if a 2 0 = b 2 0 +c 2 0 . In that situation, we obtain the metrics of Bazaikin and Malkovich [6] , which have holonomy SU (4). We finally have proven the following theorem.
Theorem 5.3. Let M be a cohomogeneity-one manifold whose principal orbit is N 1,1 /Z 2 where Z 2 is generated by (64). We assume that M has exactly one singular orbit of type SU (3)/U (1) 2 , which is at t = 0. 
Remark 5.4. A power series ansatz for the metrics with special holonomy from the above theorem has also been made in Kanno, Yasui [23] . These metrics were also investigated by Bazaikin and Malkovich [4] , [6] . The authors study the smoothness and completeness of the metrics and describe the family of metrics with holonomy SU (4) explicitly. They also prove that the holonomy of their metrics is always SU (4) except in the limiting case where b 0 → 0 and the metric degenerates into the hyperkähler metric of Calabi [10] on T * CP 2 . Our methods for the calculation of the smoothness conditions and for the proof of the holonomy reduction in the case a 1 (t) + a 2 (t) = 0 are new contributions of the author. 0) is that the off-diagonal coefficients of the metric are contained in
and hence will be denoted by β 3,5 and β 3,6 instead of β 1,5 and β 1, 6 . We want the right-hand side of the second and third equation of (26) to converge to a real number for t → 0. This is only possible if b(0) 2 = c(0) 2 . Since we may replace c by −c, f by −f , and t by −t without changing the system (26), we can assume that b(0) = c(0). We shortly denote b(0) by b 0 and f (0) by f 0 . By a power series ansatz, we obtain the following solution of the system (26) . (66) a(t) = 0 + 2t + 0 · t 2 − 1 27
Our next step is to decompose S m (p ⊥ ) and S 2 (p) into SU (2)-submodules. This is necessary in order to deduce the smoothness conditions. We denote the complex irreducible representation of SU (2) with weight r by Î C r . The real irreducible representation with the same weight we denote by Î R r . We recall that dim Î R r = r + 1 if r is even and dim Î R r = 2(r + 1) if r is odd. The orbits of the SU (2)-action on the three-dimensional space p ⊥ are spheres. Therefore, it is isomorphic to Î R 2 . In order to decompose S m (p ⊥ ), we first consider the space S m R (C 2 ) of all homogeneous polynomials of m th order with real coefficients on C 2 . The subscript R means that we consider C 2 as a four-dimensional real vector space and we have dim S 2 R (C 2 ) = 10, dim With the help of the above considerations we obtain
We are now able to calculate the dimension of W h m and W v m . By a short calculation we see that
With the help of (69) we conclude that
and finally obtain There is a suitable h ∈ SU (2) which acts on span(e 3 , e 4 , e 5 , e 6 ) ⊆ p in the same way as j ∈ Sp(1) by right-multiplication on H. Since p ⊥ is threedimensional, j acts as an rotation around an angle of π. Moreover, it is a rotation around an axis perpendicular to ∂ ∂t and thus turns
Since the metric g in invariant under h, it follows that g t (e 3 , e 3 ) = g −t (e 5 , e 5 ) g t (e 3 , e 5 ) = −g −t (e 5 , e 3 ) g t (e 3 , e 6 ) = −g −t (e 5 , e 4 ) = −g −t (e 3 , e 6 ) g t (e 7 , e 7 ) = g −t (e 7 , e 7 )
This translates into b m = −c m and f m = 0 if m is odd. The space of all U (1) 1,−1 -invariant elements of S 2 (p) satisfying these conditions has dimension 3 which equals dim W h m . Therefore, there are no further conditions on the horizontal part and the horizontal part of an analytic metric is smooth if and only if We turn to the vertical component of the metric, which is determined by a. It follows from (70) that
Since dim Hom SU ( For similar reasons as in Subsection 5.3, this means that a has to be an odd function. The only missing smoothness condition is that the length ℓ(t) of any great circle of the collapsing sphere SU (2)/U (1) 1,−1 has to be 2πt + O(t 2 ) for small t. The Lie group which is generated by e 1 intersects U (1) 1,−1 twice. Therefore, ℓ(t) = g t (e 1 , e 1 ) π = |a(t)|π. By the same argument as in Subsection 5.3, it follows that |a ′ (0)| has to be 2, which is indeed the case.
As in the previous case, we make an explicit calculation and prove that for any choice of b 0 , f 0 ∈ R \ {0} there exists a unique power series solution of (26) .
) is a symmetry of (26) if (k, l) = (1, −1). As in the previous subsection, it follows that the power series satisfies the smoothness conditions.
Unfortunately, Assumption 3.11 is not satisfied, since p and p ⊥ both contain a trivial submodule, namely span(e 7 ) or span( ∂ ∂t ) respectively. Nevertheless, we always have due to the choice of our coordinates g(e 7 , ∂ ∂t ) = 0. Moreover, we have Ric(e 7 , ∂ ∂t ) = 0 (see Grove, Ziller [19] ). Therefore, g, Ric, and the steps of the Picard iteration in Eschenburg, Wang [15] do not leave the space S 2 (p) ⊕ S 2 (p ⊥ ). The arguments of the proof in [15] therefore remain unchanged and we can conclude that the power series converges and are able to determine the number of the Einstein metrics. Theorem 6.1. Let M be a cohomogeneity-one manifold whose principal orbit is N 1,−1 . We assume that M has exactly one singular orbit of type S 5 , which is at t = 0.
(1) In this situation, any cohomogeneity-one metric satisfies a(0) = 0. (2) For any b 0 , f 0 ∈ R \ {0} there exists a unique SU (3)-invariant parallel Spin(7)-structure Ω on a tubular simultaneous of S 5 which is determined by a basis of type (25) 
c) a ′′′ (0) = a 3 , and (d) the Einstein constant is λ.
Remark 6.2.
(1) The metrics with singular orbit S 5 and holonomy Spin(7) were also considered by Cvetič et al. [13] . The discussion of the smoothness conditions, the convergence of the power series and the existence of the Einstein metrics are new results. (2) If the principal orbit is N 1,−1 , the singular orbit can also be a space of type SU (3)/SO(3). However, it is impossible that the metric on SU (3)/SO (3) is positive and the volume of SO(3)/U (1) 1,−1 shrinks to zero if the metric is diagonal with respect to (e i ) i=1≤i≤7 . Although it is possible to construct spaces with singular orbit SU (3)/ SO(3) by considering non-diagonal metrics, we will not investigate this case further.
CP 2 as singular orbit
We assume that the principal orbit is a generic Aloff-Wallach space N k,l . In this situation, the isotropy algebra k of the
As we have remarked in Convention 4.3, it suffices to work with the case k = u(1) k,l ⊕ V 1 ⊕ V 4 if we consider all pairs (k, l) of coprime integers with k ≥ l.
is not a possible choice of k since K/U (1) 1,−1 is diffeomorphic to S 2 × S 1 . Nevertheless, the two related cases (k, l) ∈ {(1, 0), (0, −1)} are still possible.
If k = l = 1 and the metric is diagonal, u(1) 1,1 ⊕ V 1 ⊕ V 4 , u(1) 1,1 ⊕ V 2 ⊕ V 4 , and u(1) 1,1 ⊕ V 3 ⊕ V 4 are still the only possibilities for k. If the complement of u(1) 1,1 was transversely embedded into V 1 ⊕ V 2 ⊕ V 3 , the null space of the degenerate metric g 0 ∈ S 2 (m) could not be k. Moreover, u(1) 1,1 ⊕ V 2 ⊕ V 4 and u(1) 1,1 ⊕ V 3 ⊕ V 4 can be obtained by the action of an element of Norm SU (3) U (1) 1,1 from each other. We therefore have to consider only one of these cases. All in all, we have to consider the following three initial values problems.
(1) The system (26) with a(0) = f (0) = 0 and (k, l) ∈ {(1, −1), (1, 1),
2) The system (28) with a 1 (0) = a 2 (0) = f (0) = 0, (3) The system (28) with b(0) = f (0) = 0.
We make a power series ansatz for all of the above initial value problems and start with the first one. As in Section 6, we can assume without loss of generality that b(0) = c(0) =: b 0 . The Taylor expansion of any solution of our initial value problem begins with
The parameter q of third order can be chosen freely. Any solution of (28) with a 1 (0) = a 2 (0) = f (0) also has to satisfy b(0) 2 = c(0) 2 . We again can assume that b(0) = c(0) =: b 0 , since (c(t), f (t)) → (−c(−t), −f (−t)) is a symmetry of the system (28) , and obtain the following Taylor expansion.
Analogously to the previous case, there are two parameters q 1 and q 2 which can be chosen freely. The functions b and c coincide up to fifth order. Later on, we will prove that actually b(t) = c(t) for all values of t. Next we consider the equations (28) under the assumption that b(0) = f (0) = 0.
We necessarily have c(0) 2 = a 1 (0) 2 = a 2 (0) 2 . Let a 0 := a 1 (0). Since there are four possibilities for the signs of a 2 (0) and c(0), there are four kinds of initial value problems. Because of the symmetry of (28) which we have used in the previous case, we can assume that the sign of a 1 (0) and c(0) is the same. Therefore, the only two subcases which we have to consider are a 1 (0) = a 2 (0) and a 1 (0) = −a 2 (0). The initial condition a 1 (0) = a 2 (0) yields the following power series. where q is a free parameter. Later on it will be proven that a 1 (t) = a 2 (t) for all t. Next, we study (28) under the assumption that b(0) = f (0) = 0 and a 1 (0) = −a 2 (0). We obtain a system of quadratic equations for the first derivatives (a ′ 1 (0), . . . , f ′ (0)). The only two meaningful solutions of that system are (0, 0, 1, 0, 6) and (0, 0, −1, 0, 6). (a 1 (t), a 2 (t), b(t), c(t), f (t)) → (−a 2 (−t), −a 1 (−t), b(−t), c(−t), −f (−t)) is another symmetry of (28) . As usual, q can be chosen freely. Our aim is to prove that the three initial value problems have a unique smooth solution for any choice of the parameters a 0 , b 0 , q, q 1 , and q 2 . We therefore have to check the smoothness conditions for the above power series. In [30] , we have proven that an analytic diagonal metric g = g t + dt 2 of cohomogeneity one has a smooth extension to a singular orbit at t = 0 if
(1) g t converges for t → 0 to a degenerate bilinear form which is invariant with respect to the cohomogeneity-one action. (2) The sectional curvature of the collapsing sphere behaves as We remark that this result can also be applied to orbifold metrics. The metric on the singular orbit CP 2 is in all three cases the Fubini study metric and thus SU (3)-invariant.
In order to check the second smoothness condition, which we have also mentioned in Remark 3.10, we have to search for the metric h with constant sectional curvature 1 on K/U (1) k,l . Let h with h(X, Y ) = − 1 2 tr(XY ) for all X, Y ∈ su(2) be the metric with sectional curvature 1 on SU (2). We embed SU (2) into SU (3) such that its Lie algebra becomes u(1) 1,−1 ⊕ V 1 . The map π : SU (2) → K/U (1) k,l with π(k) := kU (1) k,l is a covering map. h therefore has to satisfy (81) dπ(X) h = X h .
With the help of this formula, we see that We therefore obtain |b ′ (0)| = 1 and |f ′ (0)| = 6.
Here, q denotes the biinvariant metric on su(3) with q(X, Y ) = − 1 2 tr(XY ) which we have introduced earlier.
The power series (77), (78), (79), and (80) obviously satisfy the first two smoothness conditions. As in the previous two sections, we can prove that the initial value problems have a unique power series solution for any choice of a 0 , b 0 , q, q 1 , and q 2 . We are now able to prove the remaining smoothness conditions by means of symmetry arguments.
(1) (a(t), b(t), c(t), f (t)) → (−a(−t), b(−t), c(−t), −f (−t)) is a symmetry of (26) . is mapped by the symmetry to another solution with the same initial values. a and f therefore are odd functions and b and c are even. The power series (77) thus satisfies all smoothness conditions. (2) The smoothness of (78) can be proven with the help of the symmetry (a 1 (t), a 2 (t), b(t), c(t), f (t)) → (−a 1 (−t), −a 2 (−t), b(−t), c(−t), −f (−t)) of (28) . The relation b(t) = c(t) follows with the help of the symmetry (b, c) → (c, b). (3) The smoothness of (79) can be proven with the help of the symmetry (a 1 (t), a 2 (t), b(t), c(t), f (t)) → (a 1 (−t), a 2 (−t), −b(−t), c(−t), −f (−t)) of (28) and the relation a 1 (t) = a 2 (t) follows with the help of the symmetry (a 1 , a 2 ) → (a 2 , a 1 ). (4) The smoothness of (80) can be proven with the help of the symmetry (a 1 (t), a 2 (t), b(t), c(t), f (t)) → (a 2 (−t), −a 1 (−t), −b(−t), c(−t), −f (−t)) of (28).
We finally have to prove that the power series converge. In the setting of this section, Assumption 3.11 is not always satisfied. If k = l = 1 and b(0) = f (0) = 0, p and p ⊥ both contain a trivial U (1) 1,1 -submodule. The spaces p and p ⊥ also contain a common submodule if k = 1, l = 0, and a(0) = f (0) = 0. We can nevertheless prove the convergence with the help of the arguments which we have made in Remark 3.13.5.
Since 3.11 is in some cases not satisfied and we have not described the spaces W h m and W v 2 explicitly, we will not study the existence of Einstein metrics on a tubular simultaneous of CP 2 . We conclude this section by summarizing our results on metrics with special holonomy.
Theorem 7.1. Let M be a cohomogeneity-one orbifold whose principal orbit is N k,l . We assume that M has exactly one singular orbit of type CP 2 , which is at t = 0.
(1) Let N k,l be not SU (3)-equivariantly diffeomorphic to N 1,1 and let k+l = 0. For any b 0 ∈ R\{0} and q ∈ R there exists a unique SU (3)-invariant parallel Spin(7)-structure Ω on a tubular simultaneous of CP 2 which is determined by a basis of type (25) . Moreover, we have a 1 (t) = a 2 (t) for all values of t. (4) Let k = l = 1. For any a 0 ∈ R \ {0} and q ∈ R there exists a unique SU (3)-invariant parallel Spin(7)-structure Ω on a tubular simultaneous of CP 2 which is determined by a basis of type (27) (1) The first class of metrics from the above theorem was considered by Cvetič [13] and by Kanno, Yasui [23] . The second class of metrics was discovered independently of the author by Bazaikin [5] . We have interpreted the parameters on which these metrics depend in terms of the two initial conditions q 1 and q 2 of third order. Moreover, we have proven that no further metrics of this kind with b(t) = c(t) exist. In the second paper of Kanno, Yasui [24] , a power series ansatz for the third and the fourth class of metrics was made. However, our proofs of the smoothness and the convergence of the power series are new. (2) In the cases where N k,l is generic or k = l = 1 and a 1 (0) = a 2 (0) = f (0) = 0 Assumption 3.11 is satisfied. By calculating W v 2 /W v 0 we see that the free parameters q, q 1 , q 2 are indeed a subset of the free parameters from Theorem 3.12. Although we do not know if Assumption 3.11 is necessary for Theorem 3.12 to be true, we can make a similar observation in the other two cases from the above theorem. All in all, we hope to have shed some light on the origin of these parameters.
